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Abstract

In this paper we describe our experiences with parallel implementations of several
di�erent waveform algorithms for performing transient simulation of semiconductor
devices. Because of their inherent computation and communication structure, waveform
methods are well suited to MIMD-type parallel machines having a high communication
latency | such as a cluster of workstations. Experimental results using pWORDS,
a parallel waveform-based device transient simulation program, in conjunction with
PVM running on a cluster of eight workstations demonstrate that parallel waveform
techniques are an e�cient and faster alternative to standard simulation algorithms.

1 Introduction

The enormous computational expense and growing importance of device transient simula-
tion, as well as the increasing availability of parallel computing environments, suggest that

specialized, easily parallelized, algorithms be developed for transient simulation of MOS
devices [5]. The easily parallelized waveform relaxation (WR) algorithm was shown to be a

computationally e�cient approach to device transient simulation [11], even though the WR

algorithm typically requires hundreds of iterations to achieve an accurate solution. In [8],
it was demonstrated that the convergence rate of waveform relaxation for device transient
simulation could be greatly improved by the application of Krylov-subspace acceleration.

In this paper, we extend the work in [11] and [8] by describing parallel implementations

of several di�erent waveform algorithms for performing transient simulation of semiconduc-
tor devices. Because of their inherent computation and communication structure, waveform
methods are well suited to MIMD-type parallel machines having a high communication la-
tency | such as a cluster of workstations. Experimental results using pWORDS, a parallel

waveform-based device transient simulation program, in conjunction with the Parallel Vir-
tual Machine (PVM) environment [2] running on a cluster of eight workstations demonstrate
that waveform techniques are an e�cient alternative to standard simulation methods.

In the next section, we begin with a brief review of waveform methods. The device
transient simulation problem is described in Section 3 and implementation details of the

pWORDS program are provided in Section 4. Section 5 contains experimental results
comparing traditional methods with parallel waveform methods for performing device
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transient simulation. Finally, in Section 6 we present our conclusions and suggestions
for future work.

2 Waveform Iterative Methods

Consider the problem of numerically solving the linear time-varying initial-value problem,

( d
dt
+A(t))x(t) = f (t)

x(0) = x0
(1)

where A(t) 2 RN�N , f(t) 2 RN is a given right-hand side, and x(t) 2 RN is the unknown
vector to be computed over the simulation interval t 2 [0; T ]. The traditional numerical
approach for solving (1) is to begin by discretizing the system in time with an implicit

integration rule (since large systems of equations are typically sti�) and then solving
the resulting matrix problem at each time step. This approach can be disadvantageous
for a parallel implementation, especially for MIMD parallel computers having a high
communication latency, since the processors will have to synchronize repeatedly for each

timestep.
A more e�ective approach to solving (1) with a parallel computer is to decompose the

problem at the ODE level. That is, the large system is decomposed into smaller subsystems,

each of which is assigned to a single processor. The total system is solved iteratively by
solving the subsystems independently, using �xed values from previous iterations for the
variables from other subsystems. This dynamic iteration process is known as waveform
relaxation (WR) [6] or as the Picard-Lindel�of iteration [9].

2.1 Linear Systems

In (1), let A(t) =M(t)�N(t) be a splitting of A(t). The waveform relaxation algorithm

based on this splitting is expressed as

Algorithm 2.1. (Waveform Relaxation for Linear Systems)
1. Initialize: Pick x0

2. Iterate: For k = 0; 1; : : :

Solve ( d
dt
+M)xk+1 = Nxk + f

x(0) = x0

for xk+1 on [0; T ].

The solution x to (1) is thus a �xed point of the WR algorithm, satisfying the integral
operator equation

(I � K)x =  :(2)

Here, (2) is de�ned on the space H = L2([0; T ];R
N ), I : H ! H is the identity operator,

K : H ! H is de�ned by

(Kx)(t) =

Z t

0

�M (t; s)N(s)x(s)ds

 2 H is given by

 (t) = �M (t; 0)x(0) +

Z t

0

�M (t; s)f(s)ds;

and �M is the state transition matrix [3] associated withM (t).
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Waveform relaxation for solving (2) is expressed in operator equation form simply as

xk+1 = Kxk + :(3)

Since for any �nite interval [0; T ], the operator K has zero spectral radius, this process will
produce iterates xk that converge to the solution x of (2), or equivalently, to the solution

of (1). A more detailed analysis of convergence for the linear time-invariant case can be
derived by considering (2) on the interval [0;1) in which case K has non-zero spectral
radius [9].

2.2 Krylov-Subspace Acceleration

As shown in [7], Krylov-subspace methods can be applied to (2) to accelerate the
convergence of WR, but as K is not self-adjoint, only methods suitable for non-self-adjoint
operators are suitable. One such method is waveform GMRES (WGMRES), an extension
of the generalized minimum residual algorithm (GMRES) [12] to the space H .

Algorithm 2.2. (Waveform GMRES)
1. Start: Set r0 =  � (I � K)x0, v1 = r0=kr0k

2. Iterate: For k = 1; 2; : : : ; until satis�ed do:

� hj;k = h(I � K)vk;vji, j = 1; 2; : : : ; k

� v̂k+1 = (I � K)vk �
Pk

j=1 hj;kv
j

� hk+1;k = kv̂k+1k

� vk+1 = v̂k+1=hk+1;k

3. Form approximate solution:

� xk = x0 + V kyk, where yk minimizes k�e1 � �H
k
ykk

The two fundamental operations in Algorithm 2.2 are the operator-function product,

(I � K)p, and the inner product, h�; �i. When solving (2) in the space H , these operations
are as follows:

Operator-Function Product: To calculate w � (I �K)p:

1. Solve ( d
dt
+M)y = Np

y(0) = p0 = 0
for y(t), t 2 [0; T ] to obtain y = Kp.

2. Set w = p� y

Inner Product: The inner product hx;yi is given by hx;yi =
NX
i=1

Z T

0

xi(t)yi(t)dt:

Step 1 of the operator-function product is equivalent to one step of waveform relaxation,

hence WGMRES has as its core the standard WR iteration (with the concomitant
parallelizability). Moreover, the inner product can be computed by N separate integrations
of the pointwise product xi(t)yi(t), which can be performed in parallel, followed by a global

sum of the results.

2.3 Nonlinear Systems

Many interesting applications are modeled as nonlinear systems, e.g.,

d
dt
x(t) + F (x(t); t) = 0

x(0) = x0:
(4)
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where F : RN+1 ! R
N . Algorithm 2.1 is easily generalized to the nonlinear case. For

example, the Jacobi WR algorithm can be used to solve (4) by solving the scalar equations

d
dt
xki (t) + fi(x

k
1(t); : : : ; x

k
i�1(t); x

k+1
i (t); xki+1(t); : : : ; x

k
n(t); t) = 0
xki (0) = x0i

at each iteration k for each component i of x. Signi�cant e�ciency can be gained by only
approximately solving these scalar equations at each iteration. In particular, an accurate
solution of each nonlinear equation will require multiple Newton iterations at each timestep.

Instead, by only taking one Newton iteration using an initial guess obtained from the
previous waveform iterate at each timestep, one obtains the waveform relaxation Newton
(WRN) algorithm [13].

In order to use the waveform Krylov-subspace methods, Newton's method is applied to

(4) | in a process sometimes referred to as the waveform Newton method (WN) [13] | to
obtain the following iteration:�

d
dt + JF (x

m)
�
xm+1 = JF (x

m)xm � F (xm)

xm+1(0) = x0:
(5)

Here, JF is the Jacobian of F . We note that (5) is a linear time-varying system to be
solved for xm+1, which can be accomplished with WGMRES. The resulting WN/WGMRES
algorithm, a member of the class of hybrid Krylov methods [4], is given below.

Algorithm 2.3. (Waveform Newton/WGMRES)
1. Initialize: Pick x0

2. Iterate: For m = 0; 1; : : : until converged

� Linearize (4) to form (5)

� Solve (5) with WGMRES

� Update xm+1

3 Device Transient Simulation

A semiconductor device is assumed to be governed by the Poisson equation, and the electron
and hole continuity equations:

kT

q
r � (�ru) + q (p� n+ND �NA) = 0

r � Jn � q

�
@n

@t
+ R

�
= 0

r � Jp + q

�
@p

@t
+ R

�
= 0

where u is the normalized electrostatic potential, n and p are the electron and hole
concentrations, Jn and Jp are the electron and hole current densities, ND and NA

are the donor and acceptor concentrations, R is the net generation and recombination
rate, q is the magnitude of electronic charge, and � is the spatially dependent dielectric
permittivity [1, 15].

The current densities Jn and Jp are given by the drift-di�usion approximations:

Jn = �qDn (nru�rn)

Jp = �qDp (pru+rp)
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where Dn and Dp are the di�usion coe�cients, which are assumed here to be related to
the electron and hole mobilities by the Einstein relations, that is D = kT

q
�. Jn and Jp are

typically eliminated from the continuity equations using the drift-di�usion approximations,
leaving a di�erential-algebraic system of three equations in three unknowns, u, n, and p.

Given a rectangular mesh that covers a two-dimensional slice of a MOSFET, a common
approach to spatially discretizing the device equations is to use a �nite-di�erence formula
to discretize the Poisson equation, and an exponentially-�t �nite-di�erence formula to

discretize the continuity equations (the Scharfetter-Gummel method) [14]. On an N -node
mesh, the spatial discretization yields a di�erential-algebraic system of 3N equations in 3N
unknowns denoted by

f1(u(t);n(t);p(t)) = 0

f2(u(t);n(t);p(t)) = d
dt
n(t)

f3(u(t);n(t);p(t)) = d
dt
p(t)

where t 2 [0; T ], and u(t);n(t);p(t) 2 R
N are vectors of normalized potential, electron

concentration, and hole concentration, respectively.

4 Implementation

As reported in [11], the node-by-node Gauss-Jacobi WR algorithm will typically require

many hundreds (or even thousands) of iterations to converge, severely limiting the e�ciency
of WR-based device simulation. Moreover, assigning each node to a separate processor in
a parallel implementation would require on the order of a thousand processors or more
(the number of nodes typically necessary for accurate device simulation). Since the WR

algorithm is better suited to a coarse-grained MIMD type of architecture, such a �ne-grained
division of the problem is not necessary or desirable.

Instead of the node-by-node approach, pWORDS collects groups of mesh nodes into

blocks and solves the nodes in each block simultaneously. In particular, the nodes in each
vertical line of the discretization mesh are grouped together into blocks | this has been
shown to be a particularly e�ective blocking strategy for MOSFET simulation [11].

The main WR routine in the pWORDS program uses a red/black block Gauss-Seidel

scheme in which the system of equations governing the nodes in each vertical mesh line
is solved using a backward-di�erence integration formula. The implicit algebraic systems
generated by the backward-di�erence formula are solved with Newton's method and the
linear equation systems generated by Newton's method are solved with sparse Gaussian

elimination.
As previously mentioned, computing the operator-waveform product used by the

waveform Krylov-subspace methods requires performing one step of traditional waveform

relaxation. Therefore, the operator-waveform product can be accomplished with a function
call to the WR routine already implemented within pWORDS | the vertical mesh line
preconditioning scheme inherent to the WR routine will automatically be used by the
Krylov-subspace method as well.

4.1 Parallelization

The pWORDS program uses a Master/Slave approach in which the supervisory Master
program initiates the actual parallel simulation process by invoking S copies of a Slave

program on S PVM client machines.
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Fig. 1. Illustration of the experimental two-dimensional N-channel MOS transistor model.

The Master program reads in the device input �le that speci�es the geometry and

the voltage boundary conditions imposed upon the device, as well as the 2D spatial
discretization mesh. Given a rectangular mesh with C vertical lines, the Master splits

the mesh into S non-overlapping blocks consisting of C=S adjacent vertical lines and sends
each block to a Slave for solution.

In addition to the block of lines that each Slave solves, each Slave also contains storage

for the two vertical lines on either side of the contiguous block. These \pseudo-lines" are
used to store the solutions generated by the Slaves controlling those adjacent vertical lines.

To describe the algorithm running on each Slave machine, we alternately assign a
\color," either red or black, to the vertical mesh lines. The Slave WR iteration, which

overlaps communication and computation in order to minimize the e�ect of communication
time, is as follows:

1. Send the black line solutions needed for pseudo-lines on other Slaves and compute

the solution for those red lines that do not depend on black pseudo-line solutions.

2. Receive black pseudo-line solutions and compute solutions for the remaining red lines.

3. Send the red line solutions needed for pseudo-lines on other Slaves and compute the
solution for those black lines that do not depend on red pseudo-line solutions.

4. Receive red pseudo-line solutions and compute solutions for the remaining black lines.

5 Experimental Results

Numerical experiments were conducted using a two-dimensional n-channel MOS transistor
model discretized with a 19�31 mesh. The experiments simulated the e�ect of a 5 volt

pulse applied to the drain terminal with the gate terminal held at a constant 5 volts, as
shown in Fig. 1.

The experimental parallel computing environment consisted of eight IBM RS/6000

workstations | �ve models 320, one model 320H, and two models 540 | and one Sun

SparcStation 2. The Sun Sparcstation 2 was used as the Master for all experiments and the
IBM RS/6000 machines were used as the Slaves. To make the parallel results as meaningful

as possible, serial results were obtained on a single model 320, results with two and four

processors were obtained on two and four model 320 Slaves, respectively, and results with
eight processors were obtained with all eight machines. The mesh was divided as evenly as
possible among the Slave processors | no load balancing was attempted.

Table 1 shows a comparison of the execution times (measured in elapsed wall clock

seconds) required to complete a transient simulation of the test device using WRN and
WN/WGMRES. For all experiments, �rst order BDF and 256 �xed timesteps were used over
a simulation interval of 51:2�10�11 seconds. To establish a uniform measure for purposes
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Method # Procs Time

WRN 1 8230.23
WRN 2 4469.91

WRN 4 2712.58
WRN 8 1571.92

WN/WGMRES 1 *

WN/WGMRES 2 *
WN/WGMRES 4 925.60
WN/WGMRES 8 504.50

Pointwise (Direct) 1 2462.48

Pointwise (GMRES) 1 1221.98
Pointwise (GMRES) 2 6931.86

Table 1

Execution times (measured in elapsed wall clock seconds) required to complete a transient

simulation of the test device using WRN, WN/WGMRES, and point at a time methods. A *

indicates that the experiment was not able to be run because of memory restrictions.

of comparison, the convergence criterion for all experiments was the requirement that the
maximum error over the simulation interval in the value of any terminal current be less than
one part in 1�10�4. To provide an initial guess for WRN and for WN/WGMRES, 16 and 8

initial WR iterations were performed, respectively, after which WRN and WN/WGMRES
required 499 and 75 iterations to converge, respectively.

In addition, Table 1 shows the execution times required to perform traditional point at
a time simulation of the test device, using direct and vertical-line preconditioned GMRES

(PGMRES) linear system solvers. Parallel runs with the PGMRES point at a time method
were conducted, but as is shown in the table, execution time increased |a result of the large
number of communication and synchronization steps required by PGMRES at each timestep

and the high latency of PVM and standard ethernet communication. Parallelization of the
point at a time simulation using direct methods was not attempted.

As can be seen from the table, the WN/WGMRES method has very good parallel
performance (although because of its large memory requirements, it could not be accom-

modated by the smaller model 320 machines for runs on just one or two machines). Because
it is necessarily more synchronous, WN/WGMRES might appear to be at a disadvantage
(when compared to WR or WRN) in a parallel implementation, however its vastly superior
convergence rate makes it the clear overall winner.

6 Conclusion

Using only eight processors, WN/WGMRES is more than two times faster than what is, to
the authors' knowledge, the fastest serial point at a time method. It should be emphasized
that no special hardware was used | only a cluster of workstations. WN/WGMRES is
thus a very attractive alternative to traditional simulation methods for device transient

simulation | in computer environments which are widely (if not universally) available.
The work reported here re
ects the authors' �rst experiences with parallel implemen-

tations of waveform methods for performing transient simulation of semiconductor devices.

As such, there are many potential areas to explore to improve the performance of these
techniques even further. Current work focuses on the development of a parallel multirate
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implementation, implementation for other parallel architectures, development of other tech-
niques for accelerating WR, and the incorporation of timepoint pipelining techniques [16].
Primary among the theoretical questions to be addressed is why WN/WGMRES converges
so well in practice, given the somewhat pessimistic results of [10].

Finally, the underlying concepts of the waveform methods are not speci�c to the device
transient simulation problem. Other application areas which require the solution of large
systems of di�erential or di�erential-algebraic equations can likely bene�t from the use of

waveform iterative techniques.
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