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OPTIMIZATION TECHNIQUES Modern RISC processors are 
much like thoroughbred racehorses. These processors are built 
to go very fast, but only under very specific conditions (which 
happen to match up well with the popular benchmarks). If the 
particular algorithm or code that you are writing does not 
meet these conditions, then you can expect to see only a very 
small fraction of peak performance-often less than 1 O%! 

Modern RISC processors are designed to go fast when 
programs exhibit good data locality. There are two kinds of 
locality: temporal and spatiaL8 Temporal locality is just the 
reuse of the same piece of data in a program at different times, 
such as data reused in each iteration of a loop. Spatial locality 
is characterized by subsequent accesses to memory that are 
nearby one another. An algorithm that traverses an array 
sequentially from beginning to end is a good example of this. 

The hardware features that take advantage of this are 
primarily the registers and cache, which reduce the time to 
access memory from hundreds of cycles to just a few. Because 
of the high speeds of today's CPUs in comparison to their 
speed of memory access (and this gap is growing wider every 
year!), the efficiency of most code depends much less on how 
many multiplications or additions are performed, but on how 
many loads and stores are performed, and on how much 
locality the algorithm exhibits. 

Understanding locality is very important for optimizing lin- 
ear algebra kernels. Let us take a quick look at an example. The 
following loops perform a matrix vector multiply (y - Ax + y ): 

for (i - 0; i M; ++i ) 
for (j - 0; j < N; ++j ) 

~ [ i l  - A[il ti1 * XU + y[il; 
The reference to y[i] has temporal locality with respect to the 
inner loop. The references to A[i][j] and x[j] both have spatial 
locality. It is important to keep in mind the kind of assembly 
instructions that correspond to the C++ expressions. 
Typically, array accesses correspond to a load or store 
instruction, and operations on temporaries or local variables 
correspond to register instructions. Using a little knowledge 
about locality, we can rewrite the above example to reduce the 
number of loads and stores. 

for(i-O;i<M;i+-2){ 
YJ - Y [il; 
yJpl - y[i+l]; 
for(j-O;j<N;++j){ 

x J - xb]; 
y-i - A[i](l] * xJ + y-i; 
y i p 1  - A[i+l][j] * x J + yipl ;  

1 
Y [il - YJ; 
y[i+lI - vipl;  

The first thing to notice is that the reference to y[i] has been com- 
pletely removed from the inner loop. This means that the 
number of loads and stores to and from array y has been reduced 
from M*N to just M, In addition, the outer loop has been unrolled 

iteration in the original loop). These changes show how code can 
be transformed to better reuse registers. Similar kinds of trans- 
formations called blocking or tiling can be applied at the cache 
level as well. Modern optimizing compilers attempt to perform 
these kinds of optimizations to varying degrees of success (they 
are very sensitive to the exact nature of the loops). In situations 
where extremely high performance must be guaranteed, these 
kinds of optimizations are done by hand. 

The other major performance-enhancing feature of mod- 
em RISC processors is the CPU pipeline. This allows the proces- 
sor to take advantage of low-level parallelism in your program, 
executing as many instructions as possible at the same time. 
Pipelines are also finicky creatures, and tend to stall if they are 
not pampered. They particularly dislike such things as branches 
and data-dependencies, and in general like their instructions 
to be carefully ordered for easier consumption. Fortunately, 
modem optimizing compilers are quite adept at tailoring the 
instruction stream to pipelined CPUs (the unrolling opti- 
mizations previously discussed also help pipeline behavior), 
which relieves the librarywriter from the trouble of fine-tuned 
instruction scheduling. 

PORTABLE HIGH PERFORMANCE One of the difficulties in 
optimizing for high performance is that each processor is 
different. They have different numbers of registers, different 
cache sizes, different memory access times, etc. Specializing 
for numbers of registers and pipeline characteristics is a 
serious difficulty because this entails changes to the source 
code of all the inner loops and recompilation. For example, 
one might need to unroll by three to achieve optimum 
performance in the previous example, instead of unrolling by 
two. This is why PHiPAC and ATLAS use scripts to generate C 
code. Varying degrees of unrolling cannot be expressed in C 
or Fortran. We will now describe how this can be done in 
C++, and show how we have used this capability in 
constructing our linear algebra libraries. 

AN INTRODUCTION TO THE BLAIS The Basic Linear Algebra In- 
struction Set (BLAIS) is a small library that we have developed to 
aid in the construction of the MTL. The BLAIS takes advantage 
of the powerful compile-time computation features of C++ tem- 
plates9 to provide kernels with parameterized unrolling factors. 
We will start with a simplified example of how BLAIS can be 
used. The following is the unrolled matrix-vector algorithm from 
the previous example, rewritten using the BLAIS: 

in rntl/blais_config.h: 
// unrolling factors for blocked matrix-vector multiply 
#define MV-LR4ROLL-M 2 
#define MVUNROLLN 1 

in mtl/mtl_algo.h: 
#include <mtl/blais_config.h> 
((include <mtL/bW.h> 
. a .  

(note how variable i is incremented by 2 instead of 11, allowing template <class Matrix, class VectorX, class VectorY* i 

I the reference xD] to be reused twice (instead of the single use per void blockeiLmult(const Matrix& A, const VectoiXS x, VectorYS y ) 
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{ 
const int M = A.nrows( ), N - A.ncols( ); 
blockedmatrixcMatrix,MV_UNROLLM,MV_UNROLLJ(> BA(A ); 
blocked_vector~VectorY,MV_UNROLL_M> bY(y ); 
typename blocke~vedor~VectorYJtV_UNROIl_M>i:)'ekrence bYJ; 
blocked_vector<VectorX,MVJJNROLLJ~ bX(x ); 
bM - M / MV-UNROLL-M; 

for (i-O;i<bM;++i) { 
bY_i = bY [i] ; 
for [j - 0; j < N; ++j ) 
blais::mult<MV~~LL-M,MV~UNRO~MÃˆ(BA(i, ), bXm, bYJ ); 

bY [i] - bY_i; 
1 

1 
The blocked matrix BA is a matrix of tiny (2x1) submatrices and 
the blocked vectors by and bX are vectors of tiny subvectors 
(note that the blocked objects are just a "view" to the original 
data-no extra allocation is done here). Inside the loops there 
is a call to the blais::mult<MV_UNROLL_M,MV_UNROLL_N>( ) op- 
eration. This multiplies the tiny submatrix by the tiny vectors. 
From this example we can see the two advantages ofthe BLAIS: 
The unrolling and blocking is easier to express, and more im- 
portantly, die amount of unrolling has been parameterized. This 
means the code does not have to change from architecture to 
architecture! 

TEMPLATE METAPROGRAMMING In this section we focus on how 
blais::mult( ) is implemented. There are a few simple layers of 
functions that go into the implementation of blais.:mult( ) (and 
the other BLAIS operations). The first layer is a set of generic al- 
gorithms similar to the STL that have been customized to work 
on fixed (at complie time) sized ranges. We call this layer the 
Fixed Algorithm Size Template (FAST) library. 

One of the STL algorithms that can be used to perform linear 
algebra operations is transform(). In the following example the ar- 
ray x is added to the array y: 

int x[41 - {1,3,5,41, y[41 - {2,1,2,51; 
std::transfonn(x, x t 4, y, y, std::plus<int>( ) ); 

The transform( ) algorithm consists of a single loop that applies 
the binary operation to the two input iterators and stores the 
result in the output iterator. To create an unrolled version of 
this algorithm, we use a recursive template function with an 
integer template argument to control the recursion. The pur- 
pose of the count object is to carry the template argument N. 
The template function is specialized to stop the recursion for 
the case when N equals 0. 

namespace fast { 
// a helper class to carry "N" 
template tint N> stmct count { }; 

// The general case 
template tint N, class InIteri, class InIter2, 

class OutIter, class BinOp> 
OutIter tran8fonn(InIterl firstl, count<N>, InIter2 first2, 

OutItbr result, BinOp binary-op ) { 
*result - binary-op (*firsti, *first2 ); 

return transform(++firstl, count<N-l>( ), ++first2, 
++result, binary-op ); 

1 
// The N - 0 case to stop template recursion 
template <class InIterl, class InlterZ, 

class Ouffter, class BinOp* 
OutIter transfonn(InIter1 fastl, count<O>, InIter2 first2, 

OutIter result, BinOp binary-op ){ 
return result; 

1 
1 

Ifwe use this FASTversion of the algorithm and compile with op- 
timizations turned on, the resulting code contains no loops and 
is highly efficient for tiny vectors. 

Ultimately we wish to express register-level blocking for linear 
algebra kernels, which equates to performing linear algebra 
operations on tiny matrices and vectors (typically on the order 
of 4x4 or less). On top of the FAST library, we construct the 
BLAIS operations that operate on these tiny matrices and 
vectors. The following class defines the blais::add( ) operation for 
tiny vectors in terms of die FAST transform( ): 

namespace blais { 
template cint NÃ struct add { 

template <class VectorX, class VectorYs 
add(const VectorX& x, VectorY& y ) { 

typedef typename VectorX::value_type T; 
fast.:transfonn(x.begin( ), Â£ast::count<N> ), y,begin( ), 

y,begin( ),std::plus<T>( ) ); 
1 

1; 
1 

Using the blais::add( ) operation, we can then construct a matrix- 
vector n~ultiply operation. Ti& version computes a linear com- 
bination (using vector addition) of the columns of a column- 
major matrix: 

namespace blais { 
template <int M, int N> 
struct mult { 
template <class ColMatrix, class VectorX, class VectorY> 
mult(const ColMatrixS. A, const VectorX& x, VectorY& y ) { 
recursive_mult<M,N>(A,begin( ), x.begin( ), y ); 

1 
1; 
template <int M, int N> 
struct recursive-mult { 

template <class IterZD, class IterX, class VectorY* 
recursive_mult(Iter2D Ai, IterX xi, VectorY& y ) { 
acld<MÃ (̂scale(*Ai *xi ), y ); reaiisiv~_niult<M, N-l;r(++Ai, ++xi, y ); 
1 
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// specialize recursive_mult for N - 0 to stop recursion... 
1 

The call to the scale() function returns an adapter that causes the 
column to be scaled (multiplied) during the addition by an ele- 
ment from the array x. The implementations of the other BLAIS 
operations, such as the rnatrix-matrix product, are very similar. 

The Iter2D is an iterator for a 2D STL-style container. It is an 
object with the same interfaceas std::vector<vector<T>>. MTL uses 
the 2D-container interface for its matrixclasses. Dereferencing an 
IterZD gives a column of the matrix. A column then has its own 
begin( ) and end( ) functions and associated iterators for access- 
ing its individual elements. 

MAYFLIES AND LIGHTWEIGHT INTERFACES With all the layers of 
functions and objects, one might think that there is so much 
overhead in the BLAIS and FAST libraries that their use would 
make linear algebra codes slower, not faster. Lucidly, with a 
good optimizing C++ con~piler, and a few implementation 
tricks, the overhead simply evaporates at compile time. 

First, the BLAIS and FAST libraries use template functions 
(never virtual functions), which good C++ compilers will inline. 
Consequently, the BLAIS and FAST libraries are completely 
flattened out. Second, we rely on the conlpiler to properly 
optimize small objects (this is known as lightweight object op- 
tirni~ation'~ or scalar replacement of aggregates1 I). This opti- 
mization replaces small objects such as the tiny matrices and vec- 
tors used in BLAIS with the components with which they are 
made up. This allows other optin~izations to work in the pres- 
ence of objects (such as register allocation and copy propaga- 
tion). To enable lightweight object optimization, one must 
follow a particular coding style when creating tiny objects, which 
we name the Mayfly pattern.12 Mayflies are stack-allocatedob- 
jects and typically consist ofjust a pointer to some data and an 
integer index. We have found that mayflies are extremely use- 
ful for creating lightweight generic interfaces for such things as 
array-based graphs, trees, and heaps. 

Here is an example of one of the mayfly classes used in BLAIS, 
thevector-view class, This class plays the role of asubvector within 
a blocked vector. The only member field of the class is the pointer 
.data, which makes this a very lightweight object. The member 
functions of this class are small and nonrecursive, which allows a 
good compiler to inline all of them. 

template <class T, int N> 
class vector-view { 
public: 
typedef T* iterator; 
typedef T& reference; 
... 
vector_view(T* d ) : _data(d ) { } 
reference operator[] (sizetype i ) { xeturn _data[i]; } 
iterator begin( ) { return _data; } 
iterator end( ) { return _data + N; } 
... 

protected: 
T* data;  

I;, 

To really understand the "mayfly" or short-lived aspect of 
vector-view objects, we take a look at how a vector-view is cre- 
ated. An excerpt from the blockeLvector follows. The value-type 
and reference type ofblocked-vector is a subvector, or an instance 
of the vector-view class. However, a blocked-vector does not ac- 
tually contain any vector-view objects. Instead, the vector-view 
objects are created on demand. Note how the operator[] creates 
a new temporary vector-view object and returns it after initial- 
izing the data pointer. The lifetime of the vector-view object 
therefore typically only extends to the expression in which it is 
used-extremely ephemeral! 

template cclass T, int B> // B is the blocking factor 
class blocked-vector { 
public: 

typedef vector_view<T, B> reference; ... 
reference operator[] (int i ) { 

return reference(-start + i * B ); 
1 

The advantage of using mayflies is that you can provide the ap- 
pearance of a nice object-oriented interface with all the abstrac- 
tion without paying in time or space overheads. The temporary 
objects and extra functions get optimized away! 

PERFORMANCE EXPERIMENTS Now we present a set of experi- 
ments that provide performance results comparing MTL, using 
the BLAIS and FAST sublibraries, with other available libraries 
(both public domain and vendor supplied). The algorithms timed 
were the dense matrix-matrix multiplication, the dense matrix- 
vector multiplication, and the sparse matrix-vector multiplication. 

Figure 1 shows the dense matrix-matrix product perfor- 
mance for MTL, Fortran BLAS, the Sun Performance Library, 
TNT14, and ATLAS, all obtained on a Sun UltraSPARC 170E. 
The experiment shows that the MTL can compete with vendor- 
tuned libraries (on an algorithm that tends to get extra atten- 
tion due to benchmarking). The MTL and TNT executables 
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Figurn 2. Matrix multiply perfonnanca comparison on IBM RY6000. 

were compiled using KCC, in conjunction with the Solaris C 
compiler, ATLAS was compiled with the Solaris C conlpiler, 
and the Fortran BIAS (obtained from Netlib13) were compiled 
with the Solaris Fortran 77 compiler. All possible compiler op- 
timization flags were used in all cases. The cache was cleared be- 
tween each trial of the experiment. T o  demonstrate portability 
across different architectures and compilers, Figure 2 also com- 
pares the performance ofMTL with E S S L ~ ~  o n  an IBM RSI6000 
590. In this case, the MTL executable was compiled with the KCC 
and IBM xlc compilers. 

The presence (and absence) of optimization techniques in 
the different programs can readily be seen in Figure 1 and man- 
ifests itself quite strongly as a function of matrix size. In  the re- 
gion from N=10 to N=256, performance is dominated by 
register usage and pipeline performance. "Unroll and jam" 
techniques15 are used to attain high levels of performance in 
this region. In the region from 256 to approximately 1024, per- 
formance is dominated by data locality. Loop blocking for 
cache usage is used here to attain high performnnce levels. Pi- 
nally, for matrix sizes larger than approximately N=lO24, per- 
formance can be affected by conflict misses in the 
cache-notice how the results for the Fortran BIAS fall pre- 
cipitously at this point. To attain good performance in the face 
of conflict misses in low associativity caches, block-copy tech- 
niques16 are used. Note that performance effects are cumula- 
tive. For instance, the Fortran BLAS d o  not use any of the 
techniques listed for performance enhancement. Therefore, 
performance is poor initially and continues to degrade as dif- 
ferent effects come into play. 

AVAILABILITY The Matrix Template Library (of which BLAIS and 
PAST is a part) is available for download at http://www.lsc.nd 
.edu/research/mtl. 

CONCLUSION Thanks to some significant advances in C++ 
optimizing compilers, it is now possible to construct high-level 
software that is also high-performance. In addition, portability 

issues for ultrahigh-performance software can be addressed 
with compile-time specialization using the C++ template 
facilities. W e  feel that  this approach is much more 
straightforward than others (such as code generation scripts) 
a n d  results i n  significantly reduced development and 
maintenance effort. 

I n  general, we feel that  there is great potential in  the 
compile-time computation capabilities of C++, of which our 
work just scratches the surface. Several other projects, such as 
POOMA17and Blitz++,18 are also exploring the domain of 
"active libraries," which use C++ templates to be highly 
adaptive and self-optimizing. a 
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